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In this paper we develop an intelligent path relinking procedure for the capacitated vehicle routing
problem, based on the relocate distance. This procedure transforms an incumbent solution into a
guiding solution in a minimal number of relocate moves. In each step of the path relinking procedure,
one customer is removed from the solution and re-inserted in another position.
The path relinking procedure is integrated in a GRASP (greedy randomized adaptive search procedure)
and VND (variable neighborhood descent) framework and thoroughly tested. This analysis shows
that the path relinking procedure is not able to improve the performance of a simple GRASP þ VND
metaheuristic, but some interesting conclusions can nonetheless be drawn.
A second contribution of this paper is an analysis of the computational results based on sound
statistical techniques. Such an analysis can be useful for the ﬁeld of metaheuristics, where computational results are generally analyzed in an ad hoc way and often with dubious statistical validity.
& 2013 Elsevier Ltd. All rights reserved.
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1. Path relinking and the vehicle routing problem
The capacitated vehicle routing problem (CVRP) is deﬁned on a
graph G ¼ ðV,EÞ with V ¼ v0 [ fv1 , . . . ,vN g. The set fv1 , . . . ,vN g
represents a set of customers and v0 represents a depot. The
edges represent travel costs between customers. Each of the N
customer has a non-negative known demand qi ði ¼ 1, . . . ,NÞ. This
demand must be serviced by a homogeneous set of vehicles, all
having capacity Q. Travel costs cij between customers i and j are
known and constant. Sometimes an extra cost (called drop cost ei)
is incurred for each customer visited.
The objective of the CVRP is to determine a set of minimumcost routes that satisfy the following two constraints:

1. Each route begins and ends at the depot.
2. The total demand serviced in a single route does not exceed
the capacity Q of the vehicles.

Some authors use a variant of the CVRP in which the total cost
in a single route (sum of travel costs and drop costs) is not
allowed to exceed a given maximum cost C. In this paper, we only
deal with problems that do not have this constraint.
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The CVRP is undoubtedly one of the best-studied problems in
operations research. Given the fact that the CVRP is NP-hard, only
small instances can be solved to optimality [3]. Heuristics and
metaheuristics are therefore often used to solve the CVRP and a
large number of metaheuristics have been developed for solving
this problem. A recent overview on different metaheuristics for
the CVRP can be found in Szeto et al. [22]. Notable methods
include the adaptive memory search procedure of Rochat and
Taillard [19], that (after more than 15 years) still tops the list of
best-performing approaches on the standard Christophides
benchmark instances, and the evolutionary approaches of Mester
and Bräysy [12] and Nagata and Bräysy [14], that outperform
other approaches on (larger) instances with up to 483 customers.
Path relinking is a relatively new metaheuristic technique for
combinatorial optimization, proposed by Glover (see, e.g., [7]).
Path relinking attempts to ﬁnd a new good solution by examining
the solutions that are on a path from an initial (incumbent) to a
ﬁnal (guiding) solution. By deﬁnition, each move on the path
makes the solution more different from the initiating solution and
more similar to the guiding solution. Moving on the path is done
by a neighborhood operator, just like in any local search algorithm.
The technical difference with ordinary local search is that the
neighborhood search strategy that decides which move to execute
is not based on the quality of the resulting solution, but on the
distance in the solution space between the resulting solution and
the guiding solution. A move that takes the solution closer to the
guiding solution will be preferred over one that takes it further
away, regardless of the quality of the resulting solution. Constructing a path relinking procedure therefore requires us to
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select a move operator to use and a distance measure in the
solution space between two solutions. The distance measure then
can be used to determine whether a move brings a solution closer
to the guiding solution and whether the resulting solution can be
considered to be ‘‘on a path from incumbent to guiding solution’’.
Usually, path relinking is not used as a stand-alone solution
method, but combined with other metaheuristics, such as tabu
search or GRASP (see, e.g., [17,1,15,18]).
Although the capacitated vehicle routing problem (CVRP) is
one of the best-known combinatorial optimization problems, path
relinking approaches for this problem are few and far between.
This is partially due to the fact that a VRP solution is most
naturally represented as a set of permutations of customers, each
member of the set representing a tour. Contrary to problems that
have a natural binary or vector representation, it is not immediately obvious what is meant by ‘‘moving along a path from
incumbent to guiding solution’’. To the best of our knowledge,
the only application of path relinking to the CVRP is due to Ho and
Gendreau [10]. Application of path relinking to other routing
problems can be found in Hashimoto and Yagiura [9] (for the
vehicle routing problem with time windows), Reghioui et al. [16]
(for the capacitated arc routing problem with time windows),
Souffriau et al. [21] (for the team orienteering problem), and El
Fallahi et al. [5] (for the multi-compartment vehicle routing
problem).
The overview of methods presented in Szeto et al. [22] shows
that at least 29 different methods for the CVRP exist, all achieving
more or less comparable performance (the method of Szeto et al.
[22] itself ranks 16th). It can be argued that, notwithstanding this
abundance of methods, a thorough understanding of the fundamental mechanisms that drive the performance of a metaheuristic for the CVRP is still lacking from the literature. This is at least
partially the result of the fact that most authors do not perform a
thorough study of the performance of the metaheuristic they
present: parameters are set and components are combined
through trial-and-error. Such an ad hoc analysis may result in
conclusions (e.g., method X is better than method Y) that do not
stand the scrutiny of statistical testing. An equally important
contribution of this paper is therefore the careful statistical
analysis of the path relinking operator, the other components of
the metaheuristic, as well as their parameter levels. Using appropriate statistical techniques can reveal whether the addition of a
component, or the changing of a parameter to another level,
improves the performance of a metaheuristic in a statistically
signiﬁcant way or whether any perceived improvements in
performance are purely due to chance.

2. Distance-based path relinking
Glover and Laguna [8] state that the path relinking algorithms
should move from an initial (incumbent) to a guiding solution by
progressively introducing attributes contributed by the guiding
solution. In a sense, path relinking transforms the incumbent
solution in the guiding solution, one step at a time. As mentioned
above, there is no agreement in the literature as to how this
should be done and permutation problems seem to be among the
most difﬁcult problems. In this paper, we use a modiﬁed version
of the edit distance to determine the transformation towards the
guiding solution. Using a distance measure to perform the
transformation from incumbent into guiding solution is logical
and can be explained if we consider scatter search. In scatter
search, new solutions are often found by taking linear combinations of existing solutions (although other types of combinations
are also possible). Any linear combination of two solutions lies on
the ‘‘shortest path’’ (i.e. the straight line) connecting these two

solutions. The key property is that any convex linear combination
x of solutions a and b satisﬁes the equality that the sum of its
distance to the initial and guiding solutions is equal to the
distance between these two solutions
dða,xÞ þdðx,bÞ ¼ dða,bÞ:

ð1Þ

For permutation problems such as the CVRP, the ‘‘shortest
path’’ between two solutions is not a universally agreed-upon
notion. Existing path relinking approaches for vehicle routing
problems have therefore been based on ad hoc procedures that do
not have any relationship with the neighborhood search operators used in the other parts of the algorithm. However, given a
local search operator, a distance between any two solutions can
be calculated, corresponding to the minimal number of moves
(using the considered neighborhood operator) required to transform the ﬁrst solution into the second one. A distance measure
therefore gives rise to a list of moves that, when executed in a
speciﬁc order, results in a set of intermediate solutions on the
‘‘shortest path’’ between guiding and incumbent solution. For
each of the intermediate solutions, Eq. (1) holds.
For the CVRP, many different move types have been deﬁned in
the literature (swap, relocate, 2-opt, and many more). Each of
these move types gives rise to an associated distance measure.
Some of these distance measures are easy to calculate, whereas
others are NP-hard (see [20] for an overview).
In this research, we focus on the relocate move. This move
removes a customer from a vehicle routing solution and inserts it
in a different position (see Fig. 1) in the same route or a different one.
Our path relinking procedure works in two stages. In the ﬁrst
stage, the relocate distance dr is determined, i.e., the minimal
number of relocate moves that will turn the incumbent solution
into the guiding solution. In the same step, a list M containing the
customers that need to be relocated in order to achieve this is
determined.
In the second stage, the relocate moves themselves are
performed. The customers on the list M can be moved in any
order and each move will take the current solution one step closer
to the guiding solution. However, the position in the solution to
which each customer is moved needs to be determined carefully,
in such a way that the resulting solution is indeed reached in a
minimal number of moves.
In the remainder of this paper, we adopt the following conventions. We encode a vehicle routing solution as a string of symbols
(integers or letters), representing the customers, using a vertical bar
as the trip delimiter. It is important to note that a single vehicle
routing solution can be encoded in different ways, by permuting the
order of the trips or by reversing the order of the customers in a trip.
This is a consequence of the fact that the routes in a vehicle routing
solution are not ordered and that routes are undirected. Encodings
9123945679899 and 9989123976549 therefore represent the same
solutions. The relocate distance is able to account for the fact that
similar solutions may be encoded in many different ways, and is
able to calculate the minimum number of relocate moves necessary
to transform the ﬁrst solution into the second irrespective of the way
both solutions have been encoded. The relocate distance between
solutions 9123945679899 and 9989123976549, e.g., is zero. Since the
path relinking procedure uses the relocate distance, it transforms a

Fig. 1. Relocate move.
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solution into another one in a minimal number of relocate moves,
regardless of how both the initial solution and the guiding solution
are encoded.
A solution s (indicated in bold) consists of one or more tours si ,
i A ½1, . . . ,S, where S is the number of tours of solution s. Encodings of tours or solutions are represented by the corresponding
Greek letters, e.g., tour si can be encoded as a permutation of
customers which we call si . Since the vehicle routing problem is
deﬁned on an undirected graph, the reversed permutation,
which we represent as s i is also a valid encoding of tour si.
The complete solution s is encoded as a permutation of the
tours, separated by the trip delimiter. Solution s is therefore encoded as r ¼ 9s1 9s2 9 . . . 9sS 9, r ¼ 9sS 9s S1 9 . . . 9s 1 9 or any
other permutation.
The relocate distance between two solutions s and t of a
vehicle routing problem is written as dr ðs,tÞ and corresponds to
the minimal number of relocate moves that should be performed
to transform the ﬁrst solution into the second. A relocate move
consists of two operations: (1) the removal of a customer from the
solution and (2) the insertion of this customers in another
position in the solution. The number of relocate moves is therefore equal to both the number of insert operations and the
number of remove operations.
2.1. Transforming a tour into another one: the remove–insert
distance
For convenience, we also deﬁne the remove–insert distance
dri ðsi , tj Þ between two encoded tours. The remove–insert distance
between tours si and tj is equal to the number of operations
required to transform si into tj , where an operation is deﬁned as
either inserting a customer in the tour or removing one from it.
The remove–insert distance does not require the same customers
to appear in both tours.
The remove–insert distance is based on the edit distance, a
measure to determine the difference between two strings that was
developed by Wagner and Fischer [23], extending the work of
Levenshtein [11]. This distance metric determines the minimum
total cost of an edit transformation that transforms a string s into a
string t. Both strings are assumed to be composed of characters of a
given, ﬁnite alphabet. An edit transformation is a sequence of
elementary edit operations. Three edit operations are deﬁned:
insertion of a character, deletion of a character and substitution of
a character by another one. Each individual edit operation can be
assigned a cost. If all costs are equal to one, the edit distance is equal
to the minimum number of edit operations required to transform s
into t. Wagner and Fischer [23] also provide a dynamic programming algorithm that runs in Oðn2 Þ time if both strings are approximately of length n. More efﬁcient algorithms have been developed,
but these are beyond the scope of this paper.
The remove–insert distance can be easily shown to be equal to
the standard edit distance when the cost of substitutions has been
set to inﬁnity1 and the cost of insertion and deletion to 1. As a
result, it can be calculated using the same algorithms as the
standard edit distance. Note that the remove–insert distance
between a tour s and an empty tour is equal to the number of
customers in the tour s. An outline of a simple dynamic
programming algorithm to calculate the remove–insert distance
is shown in Algorithm 1.
Algorithm 1. Calculation of remove–insert distance dri ðs, tÞ.
initialise: n’9s9, m’9t9;
if n¼0 then

1
2

1

In fact, any number greater than 2 will do.

$

3
4
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return m;
exit;

5
6

if m ¼0 then
$
return n;

7

exit;

8
9
10
11

15
16

Construct a matrix D of size ðn þ1Þ  ðm þ 1Þ;
Initialise: 8i A ½0,n:Dði,0Þ’i, 8j A ½0,m:Dð0,jÞ’j;
for i¼1 to n do
6
6 for j ¼ 1 to m do
66
6 6 if s ðiÞ ¼ s ðjÞ then
1
2
66
66
6 6 bc’0;
66
6 6 else
66
66
6 4 bc’1;
6
4 Dði,jÞ’minðDði1,jÞ þ 1,Dði,j1Þ þ1,Dði1,j1Þ þcÞ;

17

return Dðn,mÞ;

12
13
14

The number in the bottom left cell of matrix D, i.e., Dðn,mÞ
gives the remove–insert distance dri ðs, tÞ. The actual operations
(remove customer and insert customer) that transform s into t
can be found by tracing the path through the matrix that has been
followed to ﬁnd Dðn,mÞ. An example clariﬁes this.
Example. Consider two tours abcde and bcad. The resulting
matrix D, including the path from the origin cell to cell (n,m) is
–
–

0

b

1

c

2

a

3

d

4

a
-

1

b

c

d

e

2

3

4

5

2

3

4

1

2

3

3

4

r
2

1
r

3

2

k
2

3

2
r

3

4

3

2

-

3

A horizontal move of the path indicates that a customer is
removed from the ﬁrst tour. A vertical move indicates that a
customer is added to the ﬁrst tour. A diagonal move indicates a
correspondence between the customer in the row and that in the
column, and therefore no need to add or remove anything. In this
way, customers from the ﬁrst solution that are neither added or
removed can be linked to customers of the second solution in a
structure called a trace [23]. A trace for the example under
consideration is the following.
a

b
9
b

c
9
c

a

d
9
d

e

The trace clearly shows that customer a needs to be both
removed and inserted in different positions and that customer e
needs to be removed. Those three operations can be done in any
order, but customers that are inserted should be done so in a
correct position. To determine this position (which is not necessarily unique), the following procedure can be used. First, customers that are linked by the trace are labeled as ﬁxed and put on a
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list. Any customer that is inserted should be in the same position
it occupies in the guiding tour relative only to the ﬁxed customers.
Once a customer has been inserted, it is also labeled ﬁxed.
A possible remove–insert transformation from abcde to bcad
is therefore given by the following sequence. Fixed customers in
each step are underlined
remove a

add a

remove b

abcde ! bcde ! bcade

-

bcad

When customer a is added, e.g., it needs to be added after
customers b and c and before customer d because this is the
position it appears in the guiding tour. Its position relative to
customer e is irrelevant.
Because customers are inserted relative only to ﬁxed customers, they can often be inserted in several positions. E.g., if
customer a needs to be inserted after c and before g, which are
the only ﬁxed customers in solution bcdefgh, it can be inserted
in four possible positions (i.e., immediately following c, d, e or f).
2.2. Transforming a solution into another one: the relocate distance
The relocate distance dr ðs,tÞ between solutions s (encoded as

r) and t (encoded as sÞ can be calculated as follows:
1. Calculate the remove–insert distance dri ðsi , tj Þ between each
tour of the ﬁrst solution and each tour of the second solution,
as well as the remove–insert distance between each tour of the
ﬁrst solution and the reverse of each tour of the second
solution, i.e., dri ðsi , t j Þ.
2. Create a square matrix A containing the tours of solution s as
the rows and those of solution t as the columns. If one of the
solutions has fewer tours than the other one, rows or columns
with empty tours are added so that the resulting matrix is a
square one. Each cell contains the minimum of the two values
calculated in the previous step, i.e., the cell corresponding to
row si and column tj contains the value

Algorithm 2. Path relinking for the VRP pseudo code.

1
2
3
4
5
6
7

Input: Two solutions s and t
Output: n1 intermediate solutions u1 to un1
Calculate n ¼ dr ðs,tÞ and determine the list M of
customers to move;
Put all other customers on the list F of ﬁxed customers;
Set u0 ¼ s;
for i¼ 1 to n1 do
6
6 Remove customer i from M;
6
6
6 Add customer i to F;
6
6 Create solution ui : move customer i in ui1 to the position
4
it occupies in t relative to the customers in F;

2.3. Path relinking for the CVRP: worked-out example
Given an incumbent solution encoded as 9123945679 and a
guiding solution encoded as 96794219539 (see Fig. 2), the aim of
the path relinking procedure is to transform the former into the
latter in a minimal number of relocate operations. Note that the
guiding solution has more tours than the incumbent solution.
The remove–insert distances between tours and reverse tours
of both solutions are calculated, the results are shown in Fig. 3.
Solving an assignment problem using matrix A in Fig. 3(c) as
the cost matrix assigns tours 123 to 124 (remove 3, add 4), 4567
to 67 (remove 4 and 5) and an empty tour to 35 (add 3 and 5).
The total remove–insert distance is dri ¼ 6, resulting in a relocate
distance dr ¼ 3. From this assignment, the list of customers to
move M is compiled. This list consists of customers 3, 4 and 5. List
F of ﬁxed customers consists of customers 1, 2, 6, and 7.
Using the rules outlined above (i.e., a customer should be
moved to the position it occupies in the guiding solution relative
to the ﬁxed customers), the incumbent solution can be transformed into the guiding solution in three relocate moves. If we
execute the relocate moves in the order 4, 3, 5, the resulting
transformation is the one shown in Fig. 4.

aij ¼ min½dri ðsi , tj Þ, dri ðsi , t j Þ:
2.4. Path relinking design questions
3. Assign each route of s to a route of t by solving a minimumcost assignment problem using the matrix A as cost matrix.
The relocate distance between solutions s and t is equal to half
of the cost of the assignment.
When the relocate distance has been determined, each tour of
solution s is assigned to the tour of solution t that it will be
transformed into. Each pair of tours has a remove–insert distance,
which corresponds to a list of customers to be inserted and/or
removed. When all lists are compiled into a single list, each
customer on the list will appear twice: once to be removed and
once to be inserted. These customers are the ones that should be
relocated to transform the incumbent into the guiding solution.
The order in which this is done is arbitrary (see further for a
discussion), but the insert operation of the relocate move should
be made relative to the ﬁxed customers (i.e., the customers that
are not to be relocated or those that have already been relocated).

Two questions still need to be resolved. As mentioned, moves
in the path relinking procedure can be executed in an arbitrary

Fig. 2. Path relinking for the VRP: incumbent and guiding solution. (a) Incumbent
solution 9123945679. (b) Guiding solution 96791249539.

Fig. 3. Remove–insert distances required to calculate the relocate distance.
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solution. We distinguish and test three solution selection strategies.
The ss-best strategy searches the entire path from incumbent to
guiding solution and returns the feasible solution with the lowest
cost. The ss-first strategy stops the search as soon as a feasible
solution is encountered with a lower cost than the incumbent
solution. The ss-middle strategy chooses the feasible solution
that is closest to the middle of the path. In other words, this
strategy chooses the solution that has rank closest to dr =2. If no
feasible solution can be found on the path from guiding to
incumbent solution, no solution is returned by the path relinking
procedure, regardless of the solution selection strategy.

3. A GRASP þPR þVND algorithm for the CVRP
Path relinking is generally not used as a stand-alone optimizer.
First of all, an initial archive of solutions should be generated for
the path relinking procedure to relink. Secondly, local search
optimization is necessary to achieve acceptable performance. Our
path relinking procedure is therefore embedded in an algorithm
that includes a greedy randomized adaptive search procedure (GRASP)
construction phase and a variable neighborhood descent (VND)
improvement phase. We use the term GRASP þ VND to symbolize
the algorithm without path relinking procedure and GRASP þ PR þ VND
for the algorithm with path relinking procedure, whatever the
order in which path relinking and variable neighborhood descent
are executed. Both the GRASP and the VND are standard components
of many algorithms for the CVRP and we therefore describe them
brieﬂy. First, we discuss the main structure of our GRASP þ VND and
GRASP þ PR þ VND algorithms.

3.1. GRASPþPR þVND algorithm outline

Fig. 4. Path relinking for the vehicle routing problem: worked out example. Fixed
customers are darker in the ﬁgure and underlined in the encoding.

order and a move selection strategy is needed to determine which
move to select at each step in the path relinking procedure. In this
research we test two such strategies: ms-best and ms-random.
The ms-random move selection strategy selects at each step a
random customer from the list M of customers to move and
relocates this customer, irrespective of whether this results in a
feasible solution or not. The ms-best move selection strategy
selects the best move at each step, and is a bit more involved.
At each step of the path relinking procedure this strategy examines each possible relocate move and establishes what the cost of
the resulting solution will be, whether this resulting solution is
feasible and—if the solution is infeasible—how much the capacity
of all trucks combined would be exceeded. If at least one relocate
move leads to a feasible solution, it selects the relocate move that
results in the feasible solution with the lowest cost. If none of the
relocate moves lead to a feasible solution, it selects the one that
results in the solution that is ‘‘least infeasible’’, i.e., in which the
capacity is exceeded by the smallest amount.
The move selection strategy determines the relocate move to
perform at each step of the path relinking procedure. Another
design question is which solution the path relinking procedure
should return and (as a direct consequence) how many solutions
should be examined on the path from incumbent to guiding

Integration of the GRASP, the PR and the VND procedure is done in
the following way. First, the GRASP algorithm is allowed to generate
n solutions (n is a parameter of the algorithm). These solutions are
put in an archive. Optionally, the solutions in the archive are
improved by VND. Then, the PR procedure takes each pair of
solutions in the archive and relinks them, returning a single
solution, unless no feasible solution was found on the path
between guiding and incumbent solution. In this way, a maximum
of nðn1Þ solutions are added to the archive. Again, an optional run
of the VND algorithm improves every solution in the archive. The
algorithm ends by returning the best solution in the archive.
Because vehicle routing algorithms that do not use local search
are easily outperformed by algorithms that do use it, we only
examine conﬁgurations in which the VND procedure occurs at least
once. This gives rise to one conﬁguration for the GRASP þ VND
algorithm and three for the GRASP þ PR þ VND algorithm, in which
the VND procedure is executed before PR (vnd-pre), after PR (vndpost) or both before and after PR (vnd-both).

3.2. GRASP procedure
Our GRASP procedure is based on the well known Clarke and
Wright [4] insertion heuristic for the vehicle routing problem.
This heuristic starts from a solution in which all customers are
visited in separate routes. The heuristic then builds a savings
matrix that, for each pair of customers, contains the decrease in
cost (or ‘‘saving’’) that would result from connecting the customers, thereby merging the two routes that contain the customers.
The saving is achieved by merging two routes with customers i
and j and is calculated by adding distance ci0 of driving from stop i
to the depot 0, and from the depot 0 to stop j minus the extra
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a best-improving way, i.e., all possible moves of the current
neighborhood are examined and the move that results in the
feasible solution with lowest cost is chosen and executed. If an
improving move is found, the search restarts using the ﬁrst
(relocate) neighborhood. When no more moves can be found that
improve the current solution using the current neighborhood, the
search continues with the next neighborhood. The VND procedure
ends when the current solution is a local optimum of all three
neighborhoods.

distance or cost cij of driving from stop i to j
sij ¼ ci0 þ c0j cij :

ð2Þ

For two customers to be ‘‘connectable’’, they have to appear in
different routes. The CVRP is usually deﬁned on an undirected
graph, in which customers can be merged if they are currently
ﬁrst or last in their respective routes and the total capacity
required by the two routes containing the customers is not larger
than the vehicle capacity. The corresponding route merger
removes the two route segments between the depot and both
customers while it adds a route segment between the two
customers. In each iteration, the Clarke–Wright heuristic selects
the pair of customers which have to be connected to produce the
largest savings.
The major weakness of the Clarke–Wright savings algorithm is
that it is completely greedy and therefore often produces very
effective routes in the beginning, but at the end of the search the
quality of the route merges deteriorates very quickly. Gaskell [6]
and Yellow [24] adapt the original Clarke–Wright savings formula
by introducing a positive parameter l and change the savings
formula to
sij ¼ ci0 þ c0j lcij :

4. Experiments
Notwithstanding the fact that the ﬁeld of statistics offers a
large array of tools that can be used to test metaheuristic methods
in a scientiﬁcally valid way, appropriate techniques are rarely
used in the metaheuristics literature. Rather, comparing different
algorithms or different conﬁgurations of an algorithm is usually
done in blatant disregard of any existing techniques that would
make such comparison statistically valid. Just counting the
number of times method A outperforms method B and drawing
conclusions without looking at the statistical validity of claims
made on this basis is not good science.
In this paper, we test our GRASP þ PR þ VND algorithm using an
extensive statistical analysis that consists of two phases. In the
ﬁrst phase, we tune our GRASP and PR procedure to perform in the
best possible way. In the second phase, we test whether our
algorithm works better with path relinking than without. The
analysis focuses on solution quality ﬁrst and treats CPU time as a
secondary target. In general, CPU times of all our algorithms are in
line with those in the literature, i.e., several seconds up to 1 min
for instances of up to 100 customers.
Prior to the analysis, we have selected several potential levels
for the parameters of our GRASP þ PR þ VND algorithm. Table 1 shows
the different parameter levels, their symbols used in the analysis,
and the number of levels for each parameter.

ð3Þ

In this paper, we take a different approach and introduce
randomness into the solution construction process. Instead of
performing the best possible route merger at each iteration, our
GRASP procedure builds a restricted candidate list (RCL) that contains the a best route mergers (unless less than a route mergers
are possible). From this list, a random route merger is selected
and performed. a is a parameter of the GRASP procedure.
3.3. VND procedure
Variable neighborhood descent (VND) is a deterministic variant
of the well-known variable neighborhood search (VNS) heuristic
[13]. Like VNS, VND changes the neighborhood operator once the
search is stuck in a local optimum, but VND differs from VNS in
which no random perturbation is used. There exist many different
move types for the CVRP. In our VND algorithm (as in many others),
we use the following three:

4.1. Phase I: best parameter settings for GRASP path relinking
In this phase, we determine the best settings for the GRASP and
path relinking component of our algorithm. To this end, we run a
full factorial experiment on a subset of the Augerat et al. [2]
instances. We selected three instances from each of the sets A, B
and P: the smallest instance, the largest instance, as well as a
medium-sized instance. The selected instances were A-n32k5.vrp, A-n45-k7.vrp, A-n80-k10.vrp, B-n31-k5.vrp,
B-n50-k8.vrp, B-n78-k10.vrp, P-n16-k8.vrp, P-n50k10.vrp, and P-n101-k4.vrp.
For all parameter setting combinations in Table 1, we run our
GRASP þ PR þ VND algorithm on each of the nine instances, resulting
in 162  9 ¼ 1458 runs. The GRASP þ VND algorithm is run on the
nine instances, with all possible parameter settings for a and n,
resulting in 9  9 ¼ 81 runs. For each run, we measure the

1. Relocate, as explained before, removes a single customer from
a route and inserts it into another route or in another position
in the same route.
2. Exchange switches the positions of two customers.
3. 2-Opt selects two edges which are removed from the current
solution. The resulting incomplete route is then reconnected
by introducing two new edges. In our VND heuristic, 2-opt
moves between a pair of routes can be implemented following
the same principle.
The neighborhood search operators are executed in the order
they appear in the list, with each neighborhood being searched in
Table 1
Levels for the different parameters of GRASPþ PR þVND.
Parameter

Symbol

Component

Size of the restricted candidate list
Number of initial solutions to generate
PR move selection strategy
PR solution selection strategy
When to run VND relative to PR

a

GRASP

n
MoveSel
SolSel
VNDStrat

GRASP

Number of level combinations

PR
PR
VND

# levels
3
3
2
3
3
162

Values
5, 10, 20
5, 10, 20
ms-best, ms-random
ss-first, ss-middle, ss-best
vnd-pre, vnd-post, vnd-both
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accuracy, which we deﬁne as the percentage deviation from the
(known) optimal solution. We also measure the computing time.
The observations are ﬁtted to a statistical model using a multiway ANOVA (analysis of variance). The advantages of a multi-way
ANOVA over a one-way ANOVA are that it also allows for the
detection of interaction effects between two or more parameters,
reduced error variance because it takes into account all explanatory variables at the same time, and, as a result, more powerful
signiﬁcance tests. The results of this statistical procedure tell us
which parameters are important to achieve good performance
and what levels of these parameters are signiﬁcantly better than
others. To avoid over-ﬁtting the model to the nine investigated
problems, we introduce an extra variable (the problem variable)
that represents all nine problem instances, and is seen as a
random-effect variable. In other words, we regard these nine
problems as being randomly selected from a larger population.
A type-III ANOVA model is used which contains ﬁxed effects
for the parameters of the GRASP þ VND or GRASP þ PR þ VND algorithm,
as well as random effects for the nine problem instances. The
dependent variable is the accuracy of the results. The model is
built sequentially by ﬁrst adding main effects and then interaction effects. During model construction, variables which represent
a signiﬁcant effect are withheld in the model whereas variables
with an effect that is not statistically signiﬁcant are excluded.
An attractive feature of multi-way ANOVA is that it is able to
provide so-called least squares means (LS means), which offer an
additional advantage over traditional group means, because they
control the levels of the other categorical effects included in the
model. To this end, other effect levels are set as much as possible
to neutral values. As a result, LS means are more representative
than traditional group means when analyzing the differences
across levels of main and/or interaction effects.
The R2 statistic, which gives an indication of the amount of
variation around the mean of the dependent variable that can be
explained by the model, can be augmented (increasing the quality
of the model) by adding covariates to the model. Covariates are
quantitative variables which may have a direct or indirect effect
on the dependent variable. For this model, we have considered
covariates such as problem size N, problem tightness and the
coefﬁcient of variation for the distances between each customer
pair. All selected covariates can easily be obtained. Problem size
equals the number of considered customers while problem
tightness is deﬁned as the ratio of total demand over the
minimum number of vehicle needed multiplied by the vehicle
capacity. The coefﬁcient of variation for the distances between the
customers is the ratio of the standard deviation to the mean
distance between the customers. In all of the experiments,
however, only the problem size ever showed any signiﬁcant effect
and we therefore exclude all other covariates from the discussion
further in this paper.

(the problem size) is also signiﬁcant, but the effect is such that a
large problem size should be accompanied by a small value of a
and vice versa. A potential explanation for this is that small
problem sizes require a large amount of randomness in the GRASP
heuristic to locate enough different solutions without ending up
in the same basin of attraction. For large problems, a small value
of a is better as this increases the amount of intensiﬁcation.
4.1.2. Multi-way ANOVA model to determine best parameter
settings for GRASPþPRþVND
The multi-way ANOVA model with covariates for the
2
GRASP þ PR þ VND algorithm resulted in an R
value of 0.455719
indicating that around 45% of the variation around the mean
can be explained by the model. The signiﬁcant model parameters
can be found in Table 3.
When comparing the LS means for each main and interaction
effect, the following conclusions can be drawn for the
GRASP þ PR þ VND procedure. All conclusions are signiﬁcant according
to a t-test at the 95% conﬁdence level.

 Number of solutions generated by the GRASP heuristic: n ¼20 is





signiﬁcantly better than n ¼10, n¼10 is signiﬁcantly better
than n ¼5.
Randomness of the GRASP heuristic: values of a ¼ 20 and a ¼ 10
are signiﬁcantly better than a ¼ 5. There is no signiﬁcant
difference between a ¼ 10 and a ¼ 20.
SolSel: The ss-middle strategy is signiﬁcantly better than
ss-best and ss-first.
VNDStrat: vnd-both is signiﬁcantly better than vnd-post,
vnd-post is signiﬁcantly better than vnd-pre.
SolSel  MoveSel: The combination ms-best–ss-middle
outperforms all other combinations in a statistically signiﬁcant
way.

Some of these conclusions conﬁrm the obvious: generating
more solutions also yield better solutions, enough randomness is
needed for the GRASP heuristic to generate diverse initial solutions,
and performing VND before ánd after PR generates the best solutions. Other conclusions are more interesting. For the path
relinking procedure, there is no signiﬁcant difference between
the ms-random move selection strategy and ms-best move
selection strategy. However, the ss-middle solution selection
Table 2
Multi-way ANOVA model with covariates for
GRASPþ VND.
Source

F ratio

Prob 4 F

n

3.3262
7.2406

0.0419
0.0014

aN

4.1.1. Multi-way ANOVA model to determine best parameter
settings for GRASPþVND
Using the multi-way ANOVA model with covariates, we obtain
an R2 value of 0.547664, indicating that the model explains
approximately 54% of total variation around the mean. Table 2
shows the parameters that were found to have a statistically
signiﬁcant effect on the accuracy of the method.
When comparing the LS means for each main and interaction
effect, we can draw the following conclusions for the GRASP þ VND
procedure. As can be expected, the number of solutions generated
by the GRASP method n has a signiﬁcant effect on the solution
quality. A t-test shows that a value of n ¼20 produces signiﬁcantly
better solutions than a value n ¼5 (of course at the cost of an
increase in computing time). The interaction between a and N
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Table 3
Multi-way ANOVA model with covariates for GRASPþ
PR þ VND.
Source

F ratio

Prob4 F

n

102.6406
5.1411
4.6418
18.9353
5.1594
41.6759
3.5799

o 0.0001
0.0060
0.0098
o 0.0001
0.0059
o 0.0001
0.0281

a
SolSel
VNDStrat
MoveSel  SolSel
aN
VNDStrat  N
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strategy signiﬁcantly outperforms the other two (ss-first and
ss-best). In other words, path relinking works best if the
solution returned by the PR procedure is closest to the middle
solution between guiding and incumbent, regardless of the
quality of this solution. Another interesting conclusion is that
the ss-middle solution selection strategy is best combined with
a ms-best move selection strategy, even though the ms-best
move selection strategy is itself not signiﬁcantly better than the
ms-random move selection strategy.
4.2. Phase II: contribution of path relinking
We have established in phase I that the best solution selection
strategy for the path relinking procedure is ss-middle, and that
this is best combined with the ms-best solution selection
strategy. Also, the vnd-both strategy was shown to outperform
both vnd-post and vnd-pre. In this phase, we test whether the
path relinking procedure in its best conﬁguration can outperform
a simple GRASP þ VND strategy. We test both ms-best and msrandom move selection strategies because these strategies are not
signiﬁcantly different.
To this end, we run a full factorial experiment in which we
perform a run of the GRASP þ VND method and a run of the
GRASP þ PR þ VND method using all possible combinations of levels
of parameters a (5, 10, 20) and n (5, 10, 20) on all 73 Augerat et al.
[2] instances. Because the GRASP þ PR þ VND procedure with a parameter n generates a maximum of n2 solutions in the archive, the
2
GRASP þ VND procedure is similarly allowed to generate n (25, 100,
400) solutions.
We then perform paired t-tests, both on the average performance of the algorithm over the nine different GRASP settings and
on the best GRASP setting. The following conclusions can be drawn.
When averaged over all parameter combinations of a and n,
the average accuracy is very similar for GRASP þ VND (0.02064),
GRASP þ PR þ VND using ms-best (0.02212), and GRASP þ PR þ VND using
ms-random (0.02609). Paired t-tests show that GRASP þ VND signiﬁcantly outperforms GRASP þ PR þ VND using ms-best, which is in
turn signiﬁcantly better than GRASP þ PR þ VND using ms-random. In
other words, when averaged over all possible GRASP parameter
settings, a simple GRASP þ VND outperforms both GRASP þ PR þ VND
methods.
If we compare for each of the 73 instances the result of
GRASP þ VND and GRASP þ PR þ VND using the best combination of a
and n for each method and for each instance, we again obtain a
very similar average accuracy for GRASP þ VND (0.01112), GRASP þ
PR þ VND using ms-best (0.01047), and GRASP þ PR þ VND using msrandom (0.01134). None of these differences are statistically
signiﬁcant. In other words, there is no difference in performance
between GRASP þ VND and GRASP þ PR þ VND if we consider only the best
settings for the GRASP initial construction phase.
Finally, comparing the best single parameter setting across
all instances for GRASP þ VND (a ¼ 10 and n¼ 20, average
accuracy¼0.01444), for GRASP þ PR þ VND using ms-best(a ¼ 10
and n¼ 20, average accuracy ¼0.01456) and GRASP þ PR þ VND using
ms-random (a ¼ 20 and n ¼20, average accuracy¼0.01739). The
difference between GRASP þ VND and GRASP þ PR þ VND using ms-best
is not signiﬁcant, but both are signiﬁcantly better than
GRASP þ PR þ VND using ms-random. In other words, the best possible
setting for GRASP þ PR þ VND is not able to outperform GRASP þ VND.
From the above results, we cannot conclude that the path
relinking procedure improves the GRASP þ VND algorithm in a statistically signiﬁcant way. Given the fact that the PR procedure is relatively
complicated, these ﬁndings give very little incentive to use this
procedure in a real-life environment. The GRASP þ PR þ VND algorithm
was usually somewhat faster than the GRASP þ VND algorithm, but this
difference was insigniﬁcant and increasing the computing time of

both methods usually resulted in a very similar increase in quality. In
an additional experiment, we compared the GRASP algorithm without
path relinking to the GRASP þ PR algorithm (using the best settings for
both the GRASP and the PR procedure). Again, both methods were
allowed to generate the same number of solutions (25, 100 or 400).
Although signiﬁcantly faster, the GRASP þ PR algorithm was on average
about 5% worse than the simple GRASP method.
A potential explanation for the fact that the path relinking
procedure does not improve the GRASP þ VND procedure is that both
algorithms ﬁnd very close-to-optimal solutions, on average about
1% from optimal, and that for these problems there is just very
little improvement possible. On the other hand, if the path
relinking procedure would have been signiﬁcantly better, then
this would have been detected by the fact that the GRASP þ PR þ VND
algorithm would have found equally good solutions for smaller
values of n. Another possibility is that the GRASP þ VND procedure is
so powerful that outperforming it is near impossible. The fact that
almost all algorithms in the list of best-performing algorithms for
the CVRP use strategies that are similar (especially the extensive
use of local search using different neighborhood structures is
extremely common) more or less supports this claim.

5. Conclusions and future research
This paper has presented a novel path relinking procedure for
the capacitated vehicle routing problem. This procedure is based
on the relocate distance and transforms an incumbent solution
into a guiding solution in a minimal number of relocate moves.
Such a procedure is much closer to the true spirit of path relinking
than any other method proposed so far.
Unfortunately, closeness to the spirit of path relinking is no
guarantee for success, and despite extensive parameterization of
our procedure, we could not show that it can signiﬁcantly
improve the performance of a simple GRASP þ VND procedure. Nonetheless, some interesting conclusions can be drawn from our
experiments. Most importantly, it is surprising to see that the
strategy to choose the solution closest to the center of the path
generated by the path relinking procedure outperforms both
other tested strategies, including the one that selects the best
solution on the path. This shows that path relinking can indeed
ﬁnd solutions that have characteristics of both guiding and
incumbent solutions and that this can be a useful diversiﬁcation
strategy.
It is also worth noting that we have tested our method in a
much more statistically rigorous way than is common in the
metaheuristics literature, using a carefully designed experiment
analyzed by a multi-way ANOVA method. We ﬁrmly believe that
this way of determining the best possible parameter setting and
establishing which components of a heuristic contribute to the
solution quality and which not is far superior and should always
be preferred over more traditional methods of comparison. Just
counting the number of best-known solutions found, or the
average deviation from the best-known solution (using parameters set on a per-instance basis), we could probably have
claimed that our method was ‘‘among the best-performing
approaches’’. Instead, we have chosen to only report the more
robust conclusion that our GRASP þ PR þ VND is as powerful as
GRASP þ VND but not more.
Future research on this topic will focus around the use of
distance-based path relinking for other problems, as well as
improving our path relinking procedure for the CVRP (e.g., by
allowing it to make more than a single move type). The use of
adequate statistical techniques for testing metaheuristics is
another topic that we intend to explore further. For example,
we have always used a full factorial design in this paper, but
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fractional factorial designs are potentially more efﬁcient, especially if the number of parameters or parameter levels is large.
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